Introduction
In the early '90s, there were two mathematical theories motivated by physics, Verlinde's theory and quantum cohomology. Verlinde's theory counts the dimensions of spaces of generalized theta functions. The quantum cohomology of a symplectic or Kähler manifold X counts the number of holomorphic curves on X. In both theories, one can define quantum rings. Early explicit physical computations [10, 35, 15] indicate that the quantum ring of level-l GL Verlinde's theory is isomorphic to the quantum cohomology ring of the Grassmannian Gr(n, n + l). In [37] , Witten gave a conceptual explanation of this isomorphism, by proposing an equivalence between the quantum field theories which govern the level-l GL Verlinde algebra and the quantum cohomology of the Grassmannian. His physical derivation of the equivalence naturally leads to a mathematical problem: these two objects are conceptually isomorphic (without referring to detailed computations). A great deal of work has been done by Marian-Oprea [21, 22, 23] and Belkale [2] . However, to the best of our knowledge, a complete conceptual proof of the equivalence is missing. We should emphasize that the numerical invariants or correlators of the two theories are different and one needs to add corrections to the statement.
In [27] , we made a simple observation that Verlinde invariants are K-theoretic invariants of the theory of semistable parabolic vector bundles. Hence they should be compared with a version of quantum K-theoretic invariants of the Grassmannian, instead of cohomological Gromov-Witten invariants. For this purpose, we introduced the level structure (a key ingredient in Verlinde's theory) to quantum K-theory in [27] and showed that quantum K-theory with level-l structure satisfies the same axioms as those of the ordinary quantum K-theory. In our new theory, a remarkable phenomenon is the appearance of Ramanujan's mock theta functions as I-functions.
With the appropriate choice of the level structure in quantum K-theory, we formulate a K-theoretic version of Witten's conjecture. We first introduce some notations. Let l be a nonnegative integer. Recall that as a vector space, the Verlinde algebra V l (gl n (C)) of level l is spanned by a basis {V λ } λ∈P l , where λ = (λ 1 , . . . , λ n ) is a partition such that satisfies λ 1 ≥ · · · ≥ λ n ≥ 0. The set P l consists of all partitions λ with n parts such that λ 1 ≤ l. There is a geometric construction of the Verlinde numbers. Let C be a smooth curve of genus g, with k marked points p 1 , . . . , p k . Let I = {p 1 , . . . , p k } be the set of marked points. We assign a partition λ p = (λ p,1 , . . . , λ p,n ) to each marked point p ∈ I. Let U(n, d, λ) denote the moduli space of S-equivalence classes of parabolic vector bundles of rank n and degree d, with parabolic type determined by the assignment λ = (λ p ) p∈I (see Definition 3.2) . There exists an ample line bundle Θ λ , called the theta line bundle, over U(n, d, λ). The GL Verlinde number with insertion λ is defined by V λp 1 , . . . , V λp k l,Verlinde g,d := χ U(n, d, λ), Θ λ .
To define quantum K-theory invariants, we choose one more marked point x 0 ∈ C which is disjoint from the markings in I. Let M C (Gr(n, N), d) denote the graph space which is a moduli space parametrizing families of tuples (C ′ , x ′ 0 , p ′ 1 , . . . , p ′ k ), E, s, ϕ , with (C ′ , x ′ 0 , p ′ 1 , . . . , p ′ k ) a k +1-pointed nodal curve of genus g, E a locally free sheaf of degree d on C ′ , s a section of E ⊗ O N C ′ satisfying a certain stability condition, and ϕ : C ′ → C a morphism such that ϕ([C ′ ]) = [C], ϕ(x ′ 0 ) = x 0 and ϕ(p ′ i ) = p i . The stability condition on s ensures there are well-defined evaluation maps ev i : M C (Gr(n, N), d) → Gr(n, N). Let S be the tautological vector bundle over Gr(n, N) and let E = S ∨ be its dual. A partition λ ∈ P l also determines a vector bundle K λ (S) on the Grassmannian Gr(n, N), for any N. Here, K λ denotes the Weyl functor associated to λ (see [36, §2.1] ). By abuse of notation, we denote K λ (S) by V λ . Let π : C → M C (Gr(n, N), d) be the projection map. Let E be the universal vector bundle over the universal curve C. We define the following line bundle:
where e is an integer and E x ′ 0 is the restriction of E to the distinguished marked point x 0 . Let e = l(1 − g) + (ld + |λ| − nl)/n, where λ = i,p λ p,i . If e is an integer, we define the quantum K-theory invariant of Gr(n, N) with insertions V λp 1 , . . . , V λp k by det(E) e |V λp 1 , . . . , V λp k l,Gr(n,n+l) C,d := χ M C (Gr(n, N), d), O vir M C (Gr(n,N ),d) ⊗ D ⊗ (⊗ k i=1 ev * i V p i ) , where O vir M C (Gr(n,N ),d) is the virtual structure sheaf. If e is not an integer, the Verlinde invariant is defined as zero.
Now we can state the K-theoretic version of Witten's conjecture.
Conjecture 1.1 (Verlinde/Grassmannian Correspondence). We have V λp 1 , . . . , V λp k l,Verlinde g,d
The identification of the Verlinde invariants with (δ = 0 + )-stable parabolic GLSM invariants is proved in Section 4. The rank 2 wall-crossing theorem is proved in Section 5.
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The GLSM of the Grassmannian and wall-crossing
Grassmannian can be expressed as a geometric invariant theory (GIT) quotient M n×N / / GL n (C), where M n×N denotes the vector space of n × N complex matrices. For any GIT quotient, we can construct a gauged linear sigma model (GLSM) which recovers the nonlinear sigma model (physical counterpart of GW-theory) at one of its limit. In Witten's physical argument, he obtained the gauged WZW model (physical counterpart of Verlinde's theory) at another limit. A mathematical theory of the GLSM has been constructed by Fan-Jarvis-Ruan [8] where the parameter in the GLSM is interpreted as stability parameter ǫ. Recently, Choi-Kiem [6] introduces several more stability parameters for abelian gauge group. To simplify the notation, we postpone the introduction of parabolic structures to the next section. Throughout the rest of the section, we fix a smooth curve C of genus g ≥ 2 and a marked point x 0 ∈ C.
2.1. The GLSM of the Grassmannian and its stability conditions. The GIT description of the Grassmannian gives rise to a moduli problem of the GLSM data C ′ , x ′ 0 , E, s ∈ H 0 (E ′ ⊗ O N C ′ ), ϕ where C ′ is a genus g (possibly) nodal curve, E is a vector bundle of rank n and degree d on C ′ , and ϕ : C ′ → C is a morphism of degree one (i.e., ϕ([C ′ ]) = [C]) such that ϕ(x ′ 0 ) = x 0 . A point x ∈ C ′ is called a base point if the N sections s do not span the fiber of E at x.
To obtain proper Deligne-Mumford stacks, we need to impose certain stability conditions on the GLSM data. There are several choices and we focus on two of them: ǫ-stability and δ-stability. Roughly speaking, ǫ-stability condition is imposed on the N sections s and δ-stability is imposed on the bundle E.
2.1.1. ǫ-stability. In general, one can impose the ǫ-stability condition on the GLSM data for any ǫ ∈ Q + . In this paper we are only interested in two cases: ǫ = ∞ and ǫ = 0 + . Definition 2.1. (1) The data (C ′ , x ′ 0 , E, s, ϕ) is called (ǫ = ∞)-stable if s defines a stable map into Gr(n, N) = M n×N / / GL n (C). Namely, s has no base point.
(2) The data (C ′ , E, s, ϕ) is called (ǫ = 0 + )-stable if s defines a stable quotient into Gr(n, N) = M n×N / / GL n (C). Namely, (i) the base point of s is different from nodes and the marked point x 0 ; (ii) there is no rational tail (an irreducible component which is of genus zero and has exactly one node on them); (iii) the degrees of E on rational bridges (irreducible components which are rational and carries exactly two special points, markings or nodes) are positive.
For ǫ = 0+ or ∞, we denote by M ǫ C (Gr(n, N), d) the moduli space of ǫ-stable GLSM data (C ′ , x ′ 0 , E, s, ϕ). According to [28] , the moduli stack M ǫ C (Gr(n, N), d) is a proper Deligne-Mumford stack with a canonical perfect obstruction theory. Hence, it admits a virtual structure sheave O vir M ǫ C (Gr(n,N ),d) ∈ K 0 (M ǫ C (Gr(n, N), d)).
2.1.2. δ-stability. It turns out that the GLSM with δ-stability has been studied much early under the name of stable pairs. Its moduli space is constructed using geometric invariant theory (GIT). In the following discussion, we only consider the fixed marked curve (C, x 0 ).
Suppose that F is a vector bundle on C. The rank and degree of F are denoted by r(F ) and d(F ), respectively. We define the slope of F as µ(F ) := d(F )/r(F ). Recall the definition of Bradlow N-pairs and its stability conditions. Definition 2.2. [3] A Bradlow N-pair (E, s) consists of a vector bundle E of rank n and degree d over C, together with N sections
We will focus on the case N ≥ n. The slope of an N-pair (E, s) is defined by
where θ(s) = 1 if s = 0 and 0 otherwise.
An N-pair (E, s) is δ-stable if the above inequality is strict.
and (E 2 , s 2 ) are δ-stable pairs with the same slope, then φ is an isomorphism. In particular, for a δ-stable pair (E, s) with s = 0, there are no endomorphisms of E preserving s except the identity, and no endomorphisms of E annihilating s except 0.
Proof. The proof is standard (cf. [20, Lemma 7] ), and we omit the details.
Lemma 2.5. Let (E, s) be a δ-semistable parabolic N-pair of rank n and degree d. Assume that µ(E, s) > 2g − 1 + δ. Then H 1 (E) = 0 and E is globally generated, i.e., the morphism
Proof. It suffices to show that H 1 (E(−p)) = 0 for any point p ∈ E. Indeed, if H 1 (E(−p)) = 0, the lemma follows from the long exact sequence of cohomology groups for the short exact sequence:
where ω C is the cotangent sheaf of C. Therefore a nonzero element in H 1 (E(−p)) induces a nonzero morphism φ :
The stability parameter δ is called generic if there is no strictly δ-semistable N-pair. Otherwise, δ is called critical. We also refer to the critical values of δ as walls. An N-pair (E, s) is called non-degenerate if s = 0. For a generic δ, the moduli space of non-degenerate δ-stable N pairs M δ C (Gr(n, N), d) can be constructed using GIT (see [34, §8] and [20] ). Furthermore, there exists a universal N-pair
are δ-stable and equivalent to having the N sections s generically generating E. In other words, the moduli space of δ-stable pairs is the Grothendieck's Quot scheme when δ is sufficiently large, and we denote it by M ∞ C (Gr(n, N), d). The Grothendieck's Quot scheme M ∞ C (Gr(n, N), d) is a fine moduli space for the functor that assigns to each scheme T the set of equivalent morphisms S : O N C×T →Ẽ such thatẼ is locally free, for every closed point x of T , the restrictionẼ| C×{x} has rank n and degree d, and the restriction of the morphism S| C×{x} is surjective at all but a finite number of points.
A standard argument in deformation theory (cf. [20, §5] ) shows that the Zariski tangent space of M δ C (Gr(n, N), d) is isomorphic to the hypercohomology H 1 (End(E) → E ⊗ O N C ). For simplicity, we denote the i-th hypercohomogy of the complex End(E) → E ⊗ O N C by H i−1 , for i = 0, 1, 2. We have the following long exact sequence:
If (E, s) is δ-stable, then by Lemma 2.4, the map H 0 (End(E)) → (H 0 (E)) N is injective. Therefore H −1 = 0. In general, the hypercohomology group H 1 is not zero, and hence the moduli space is not smooth. Nevertheless, we can still show that it is virtually smooth. The following proposition is a special case of Proposition 3.31. Proposition 2.7. For a generic value of δ ∈ Q + , the moduli space of non-degenerate δ-stable N-pairs M δ C (Gr(n, N), d) has a perfect obstruction theory. Let X be a Deligne-Mumford stack. We denote by K 0 (X) the Grothendieck group of coherent sheaves on X. The following corollary follows from Proposition 2.7 and the construction in [19, §2.3] . for the moduli space of δ-stable N-pairs M δ C (Gr(n, N), d) When no confusion can arise, we will simply denote the virtual structure sheaf of M δ C (Gr(n, N), d) by O vir .
2.1.3. Level structure. There is a functor, denoted by det, which associates a line bundle to each perfect complex. We recall the definition of the determinant functor det in the case where the perfect complex has a two-term locally free resolution. For the general definition, we refer the reader to [17] . Definition 2.9.
(1) For any vector bundle E, we define det(E) = ∧ rank(E) E, where ∧ • denotes the exterior power.
(2) For any bounded complex of coherent sheaves F • which has a two-term locally free resolution, i.e., there exists a quasi-isomorphism i : [E 0 → E 1 ] → F • where the degree 0 term E 0 and degree 1 term E 1 are locally free sheaves. We define
Here det −1 (E 0 ) denotes the inverse of the line bundle det(E 0 ).
It is shown in [17] that the definition does not depend on the locally free resolutions. Let π : M δ C (Gr(n, N), d) × C → M δ C (Gr(n, N), d) be the projection map and let E be the universal bundle over M δ C (Gr(n, N), d) × C. We call the determinant line bundle of cohomology det(Rπ * (E)) on M δ C (Gr(n, N), d) the level structure. Here Rπ * (E) = [R 0 π * (E) → R 1 π * (E)] is the derived pushforward. Let E denote the dual of the tautological bundle on Gr(n, N). The following definition is motivated by Corollary 4.6.
Definition 2.10. Let e = l(1 − g) + ld/n. If e is an integer, we define the level-l K-theoretic δ-stable N-pair invariant by det(E) e l,δ,Gr(n,N )
where E x 0 = E| M δ C (Gr(n,N ),d)×{x 0 } denotes the restriction. If e is not an integer, we define det(E) e l,δ,Gr(n,N )
to be zero.
2.2.
δ-wall-crossing in the rank two case. In this section, we prove Theorem 2.12, which is the special case of Theorem 1.5 in the absence of parabolic structures. The stability parameter δ is a critical value if δ/2 ∈ N + . We study how the moduli space M Let (E, s) be an N-pair in W − i,d . It follows from the definition that there exists a short exact sequence
where L, M are line bundles of degree d/2 − i and d/2 + i, respectively, and s ∈ H 0 (L ⊗ O N C ) (cf. [34, §8] ). Notice that L and M are unique since L is the saturated subsheaf of E containing s. Similarly, for a pair (E, s) in W + i,d . There exists a unique subline bundle M of E of degree d/2 + i which fits into a short exact sequence:
Let L be a Poincaré bundle over Pic d/2−i C × C and let p :
We denote by F the cokernel of α. By abuse of notation, we use the same notations M and L to denote the pullbacks of the corresponding universal line bundles to
be the projection. The flip loci W ± i,d are characterized by the following proposition. (−1). Moreover, we have the following two short exact sequences of universal bundles:
where E ± i are the universal bundles over
Theorem 2.12. Suppose that N ≥ 2+l, d > 2(g−1) and δ is generic.. Then det(E) e l,δ,Gr(2,N )
is independent of δ.
By abuse of notation, we denote by π the projection maps
To prove Theorem 2.12, we need the following lemma.
The lemma follows easily from the short exact sequences (1) and (2) .
Proof of Theorem 2.12. We prove the claim by showing that the invariant does not change when δ crosses a critical value 2i. The proof is divided into two cases: Case 1. Assume that d/2 − i > 2g − 1. Then M ± i,d are smooth. According to Theorem 3.44 of [3] , we have the following diagram.
where p ± are blow-down maps onto the smooth subvarieties W ±
]. Let D i,± be the line bundles defined in Lemma 2.13. It follows from the projection formula that
We only need to compare p *
. For 1 ≤ j ≤ il, we consider the following short exact sequence:
where M x 0 and L x 0 denote the restrictions of M and L to Z i,d × {x 0 }, respectively. Then by Lemma 2.13, the restriction
. By taking the Euler characteristic of (4), we obtain
A simple calculation shows that n + > li when l ≤ N − 2. Hence every term in the Leray spectral sequence of the fibration
This concludes the proof of the first case.
. Let E ± and E ′ ± be the universal vector bundles on M ± i,d ×C and M ± i,d+2k ×C, respectively. According to Proposition 3.36, we have ι D * O vir
) l be the determinant line bundle on M ± i,d+2k . According to Corollary 4.9, to show that
, it suffices to show that
By abuse of notation, we denote by p ± the blow-down maps from M i,d+2k to M ± i,d+2k . Let p ± : M i,d+2k ×C → M ± i,d+2k ×C be the base change of p ± . By a straightforward modification of the proof of [33, Proposition 3.17] , one can show that p * − (E ′ − ) is an elementary modification of p * − (E + ) along the divisor A i,d+2k . More precisely, we have the following short exact sequence
is the embedding. Applying the functor Hom(−, O) to (5), we obtain
). Notice that
Using the short exact sequence (2), we obtain the following equality in K 0 ( M i,d+2k ):
. By combining (6), (7) and (8), we obtain
. By taking the N-th power of both sides of (9) and then taking the product of all 1 ≤ i ≤ k, we get
where α m are K-theory classes whose restrictions to a fiber of P(V + i,d+2k ) are trivial. 2 To obtain (10), one needs to use the excess intersection formula
). 2 Here, α m are explicit combinations of vector bundles, obtained from the product expansion of
The restrictions of these vector bundles to a fiber of P(V + i,d+2k ) are trivial.
). Then it follows from the exact sequence (4) that
Here
, whose restriction to a fiber of P(V + i,d+2k ) is trivial. By combining (10) and (11), we get
where the restrictions of γ j ∈ K 0 (A i,d+2k ) to a fiber of P(V + i,d+2k ) are trivial. The rest of the argument is similar to the one given in the proof of the first case. Let
This concludes the proof of the second case.
Parabolic structure
In this section, we introduce the parabolic structure to the GLSM. In this new setting, the parabolic structure can be viewed as K-theoretic insertions. An interesting aspect of this construction is that the parabolic structure intertwines with the stability condition.
3.1. Irreducible representations of gl n (C). In this section, we recall some basic facts about the representations of gl n (C).
Let gl n (C) be the general linear Lie algebra of all n × n complex matrices, with [X, Y ] = XY − Y X. We have the triangular decomposition
where h is the Cartan subalgebra consisting of all diagonal matrices and n + (resp., n − ) is the subalgebra of upper triangular (resp., lower triangular) matrices. Let h * = Hom(h, C) and let h * 0 be the real subspace of h * generated by the roots of gl n (C). We fix an isomorphism h * 0 ∼ = R n such that the simple roots α i can be expressed as
Here {e i } is the standard basis of R n . The fundamental weights ω i ∈ h * 0 are given by
Consider the set
An element λ in P + is called a dominant weight. A dominant weight λ can also be expressed in term of the standard basis {e i } as follows:
where λ i ∈ Z and λ 1 ≥ · · · ≥ λ n . In the following discussion, we will denote a dominant weight λ by the partition (λ 1 , . . . , λ n ). If a partition λ = (λ 1 , . . . , λ n ) satisfies λ n ≥ 0, one can identify it with its Young diagram, i.e., a left-justified shape of n rows of boxes of length λ 1 , . . . , λ n . There is a bijection between the set P + of dominant weights and the set of isomorphism classes of finite-dimensional irreducible gl n (C)-modules. More precisely, for each dominant weight λ, one can assign a unique finite dimensional irreducible gl n (C)-modules V λ . Here V λ is generated by a unique vector v λ (up to a scalar) with the properties n + .v λ = 0 and H.v λ = λ(H)v λ for all H ∈ h. The gl n (C)-module V λ is called the highest weight module with highest weight λ and the vector v λ is called the highest weight vector. Given a gl n (C)-module V , we denote it dual by V ∨ .
Fix a non-negative integer l. We denote by P l the set of dominant weights λ = (λ 1 , . . . , λ n ) such that l ≥ λ 1 ≥ · · · ≥ λ n ≥ 0.
To a partition λ ∈ P l , we associate the conjugate partition λ * in P l :
Given a partition λ, we define |λ| = n i=1 λ i , which is the total number of boxes in its Young diagram. Now we recall a geometric construction of the highest weight gl N (C)-modules. Given a
Here a k+1 is defined to be l. We denote by Fl m the flag variety which parametrizes all sequences
The k-tuple m is referred as the type of the flag variety Fl m . Let Q j be the universal quotient bundle over Fl m of rank r j = j i=1 m i , for 1 ≤ j ≤ k. Notice that Q k is the trivial bundle of rank n over Fl m . We define the Borel-Weil-Bott line bundle L λ of type λ by
Lemma 3.1. If λ is a dominant weight, then the following holds:
The proof is similar to that of [25, Proposition 6.3] and we briefly recall it here. We denote by Fl the complete flag variety parametrizing complete flags in C n . For i = 1, . . . , n, we defined m j = d j , andd i = 0 if i = m 1 , . . . , m k . LetQ i be the universal quotient bundle over Fl of rank i, for 1 ≤ i ≤ n. According to the Borel-Weil-Bott theorem for gl n (C) or GL n (C) (see, for example, [36, Chapter 4 
For any point x ∈ Fl m , the fiber h −1 (x) is a product of flag varieties. In particular, the fibers are smooth and connected. By [12, III 12.9] , we have h * (O Fl ) = O Flm . Notice that the anticanonical line bundle of a product of flag varieties is ample. By the Kodaira vanishing theorem, we have
The Grauert's theorem [12, III 12.9] implies that R i h * (O Fl ) = 0 for i > 0. The lemma follows from the projection formula and the following relation:
3.2.
Parabolic N-pairs and δ-stability. In this section, we generalize the notion of Bradlow N-pairs to parabolic Bradlow N-pairs. We define the stability condition for parabolic N-pairs and it intertwines with parabolic structures. Throughout the discussion, we assume g ≥ 1. The genus zero case will be discussed separately. We also fix a fixed smooth curve C of genus g, with one distinguished marked point x 0 and k ordinary marked points p 1 , . . . , p k . Let I = {p 1 , . . . , p k } be the set of ordinary marked points. We require that the marked points are distinct. We first give a brief review on parabolic vector bundles.
where • E is a vector bundle of rank n and degree d on C.
• For each marked point p ∈ I, f p denotes a filtration in the fiber E p := E| p E p = E 1,p E 2,p · · · E lp,p E lp+1,p = 0.
• The vector a = (a p ) p∈I is a collection of integers such that a p = (a 1,p , . . . , a lp,p ), 0 ≤ a 1,p < a 2,p < · · · < a lp,p ≤ l.
For p ∈ I and 1 ≤ i ≤ l p , the integers a i,p are called the parabolic weights and m i,p := dim E i,p − dim E i+1,p are called the multiplicities of a i,p . Let m p = (m 1,p , . . . , m lp,p ) and let m = (m p ) p∈I . The pair (a, m) is referred as the parabolic type of the parabolic vector bundle E. The data f p can be viewed as an element in the flag variety Fl
and the parabolic slope by
Suppose F is a subbundle of E and Q is the corresponding quotient bundle. Then F and Q inherit canonical parabolic structures from E. More precisely, given a marked point p, there is an induced filtration {F i,p } i of the fiber F p , which consists of distinct terms in the collection {F ∩ E i,p } i . The parabolic weights a ′ i,p of F are defined such that if j is the largest integer satisfying F i,p ⊂ E j,p , then define a ′ i,p = a j,p . Similarly, for the quotient bundle q : E → Q, we define a filtration {Q i,p } i of Q p by choosing distinct terms in the collection {q(E i,p )} i . The parabolic weights a ′′ i,p of Q are defined such that if j is the largest integer satisfying q(E j,p ) = Q i,p , then define a ′′ i,p = a j,p . We call 0 → F → E → Q → 0 an exact sequence of parabolic vector bundles if it is an exact sequence of vector bundles, and F and G have the induced parabolic structures from E. One can check that the parabolic degree is additive on exact sequences, i.e., d par (E) = d par (F ) + d par (Q).
is an exact sequence of parabolic bundles. Then by definition i and π are parabolic homomorphisms. We denote by Par Hom(E, E ′ ) and SParHom(E, E ′ ) the subsheaves of Hom(E, E ′ ) consisting of parabolic and strongly parabolic homomorphisms, respectively. The spaces of their global sections are denoted by ParHom(E, E ′ ) and SParHom(E, E ′ ), respectively. There are two natural skyscraper sheaves K E,E ′ and SK E,E ′ supported on the set of marked points I such that
Let m i,p and m ′ i,p be the multiplicities of the weights a i,p and a ′ i,p , respectively. According to [4, Lemma 2.4], we have
Using a similar argument to that of [4, Lemma 2.4], one can show that 
(2) Serre duality:
where ω C is the cotangent sheaf of C and D = p∈I p.
We shall abbreviate the parabolic N-pair (E, {E i,p }, a, s) as (E, s) when no confusion can arise. We define the parabolic slope of a parabolic N-pair by
A parabolic N-pair (E, s) is δ-stable if the above inequality is strict.
Notice that a parabolic N-pair (E, 0) is (semi-)stable if E is a (semi-)stable parabolic vector bundle. We will focus on non-degenerate parabolic pairs, i.e., pairs (E, s) with s = 0. In the following, we list some basic properties of δ-stable and semistable parabolic N-pairs, parallel to the corresponding results for N-pairs without parabolic structures.
and (E 2 , s 2 ) are δ-stable parabolic pairs with the same parabolic slope, then φ is an isomorphism. In particular, for a non-degenerate δ-stable parabolic pair N-pair (E, s), there are no parabolic endomorphisms of E preserving s except the identity, and no parabolic endomorphisms of E annihilating s except 0. 
Proof. Notice that the parabolic slope µ par is additive on short exact sequences of parabolic N-pairs. The proof is the same as the proof of the existence and uniqueness of Harder-Narasimhan filtration of a pure sheaf (see for example the proof of [14, Theorem 1.3.4]).
Lemma 3.10 (Jordan-Hölder Filtration). Let (E, s) be a δ-semistable parabolic N-pair. A Jordan-Hölder filtration of (E, s) is a filtration For δ-semistable parabolic N-pairs of rank n and degree d, we have the following boundedness result.
Then H 1 (E) = 0 and E is globally generated, i.e., the morphism
Proof. The proof is similar to that of Lemma 2.5. It suffices to show that
where ω C is the dualizing sheaf of C. Therefore a nonzero element in The following lemma shows that for a bounded family of parabolic N-pairs, the family of the factors of their Harder-Narasimhan filtrations is also bounded. For any closed point t ∈ T , we denote by {(gr t i , s t i )} i the Harder-Narasimhan factors of (E t , S t ), where E t = E| Spec k(t)×C and S t is the restriction of the N sections to the fiber over t. Then the family {(gr t i , s t i )} i,t∈T is bounded. Proof. The proof is identical to that of Lemma 9 in [20] for N-pairs without parabolic structures.
3.3. GIT construction of the moduli stack of δ-stable parabolic N-pairs. In this section, we show that the moduli stack M par C (Gr(n, N), d, a) of parabolic N-pairs is an Artin stack, locally of finite type. For a generic value of δ ∈ Q + (see Definition 3.17), we prove that the substack M par,δ C (Gr(n, N), d, a) parametrizing non-degenerate δ-stable parabolic N-pairs is a projective variety, which can be constructed using geometric invariant theory (GIT). Throughout the discussion, we fix the degree d, rank n, parabolic weights a = (a i,p ) and their multiplicities m = (m p ) p∈I , where m p = (m i,p ). Let M par C (Gr(n, N) , d, a) be the groupoid of parabolic N-pairs of rank n, degree d and type (a, m). Let Bun par C (d, n, a) be the groupoid of parabolic vector bundles with the same numerical data. It is easy to see that Bun par C (d, n, a) is a fiber product of flag bundles over the moduli stack of vector bundles Bun C (d, n). The moduli stack Bun C (d, n) is a smooth Artin stack (see, for example, [13] ). Therefore, Bun par C (d, n, a) is also a smooth Artin stack. There is a representable forgetful morphism q : M par C (Gr(n, N), d, a) → Bun par C (d, n, a). Let E be the universal vector bundle over Bun par C (d, n, a) × C and let π : Bun par C (d, n, a) × C → Bun par C (d, n, a) be the projection. Let ω be the relative dualizing sheaf of π, which is just the pullback of the cotangent sheaf ω C of C along the second projection to C. (Gr(n, N) , d, a) which parametrizes nondegenerate δ-stable N-pairs (E, s). In the following, we will use GIT to give an alternate construction of M par,δ C (Gr(n, N), d, a), modeled on the construction of moduli spaces of (semi)stable pairs given in [20] .
The semistability condition of parabolic N-pairs can be described in terms of dimensions of global sections. We fix an ample line bundle O(1) on C of degree one. For any locally free sheaf E on C, we define E(m) := E ⊗ O(1) ⊗m . If E is a parabolic vector bundle, there is a natural parabolic structure on E(m). Given a non-degenerate parabolic N-pair (E, s) of degree d, rank n and parabolic type (a, m), we define Before we describe the GIT construction, we recall the special cases for curves of the Le Potier-Simpson estimate and a boundedness result due to Grothendieck. The Le Potier-Simpson estimate allows us to give uniform bounds for the dimension of global sections of a vector bundle in terms of its slope. We refer the reader to [14, Theorem 3.3 .1] and [30, Corollary 1.7] for the general theorem in higher dimensions. Suppose the Harder-Narasimhan filtration of a vector bundle E with respect to the ordinary slope µ is given by
Define µ max (E) = µ(E 1 ) and µ min (E) = µ(E k /E k−1 ). Denote [t] + := max{0, t} for any real number t. 
where the constant c := r(F )(r(F ) + 1)/2 − 1.
The following lemma is on the boundedness of subsheaves. We refer the reader to [14, Lemma 1.7.9] for the general results Lemma 3.19 (Grothendieck) . Let C be a smooth curve and let F be a locally free sheaf on C. Then the family of subsheaves F ′ ⊂ F with slopes bounded below, such that the quotient F/F ′ is locally free, is bounded.
Let (E, s) be a non-degenerate parabolic N-pair. In the following discussion, we will always denote a sub-pair of (E, s) by (E ′ , s ′ ), with the induced parabolic type a ′ . Similarly, we will always denote a quotient pair of (E, s) by (E ′′ , s ′′ ), with the induced parabolic type a ′′ . Lemma 3.20. There exists an integer m 0 such that for any integer m ≥ m 0 , the following assertions are equivalent.
(1) The parabolic N-pair (E, s) is stable.
(2) For any nontrivial proper sub-pair (E ′ , s ′ ),
(3) For any proper quotient pair (E ′′ , s ′′ ) with r(E ′′ ) > 0,
δ-semistability can be characterized similarly by replacing < by ≤ in (ii) and (iii).
Proof.
(1) ⇒ (2): By Lemma 3.12 and Lemma 3.13, there exists a constants µ such that µ max (E) ≤ µ. Let (E ′ , s ′ ) be a proper nontrivial sub-pair and let ν = µ min (E ′ ). It follows from Lemma 3.18 that there exists a constant c depending only on n such that
Let A > 0 be a constant satisfying d + n(1 − g) + nm ≥ n(m − A). Since there are only finite many choices for θ(s ′ )δ/r(E ′ ) and |a ′ |/r(E ′ )l, it is possible to choose an integer ν 0 such that
Enlarging m 0 if necessary, we can assume that µ+m+c and ν +m+c are positive. Therefore
If ν ≤ ν 0 , then it follows from (13), (15) and (14) that 
for all m ≥ m 0 . By the δ-stability of (E, s), we have
(2) ⇒ (3): Consider the short exact sequence
There exists an m 0 ∈ N such that for all m ≥ m 0 , we have H 1 (E(m)) = 0. It follows that 
which contradicts the hypothesis. Therefore, (E, s) is δ-stable. The equivalence of three assertions for δ-semistability can be proved similarly.
By Lemma 3.12 and Lemma 3.13, there exists an m 0 ∈ N such that for any m ≥ m 0 and any δ-stable parabolic N-pair (E, s), the following conditions are satisfied.
(1) E(m) is globally generated and has no higher cohomology. Similar results hold for their Harder-Narasimhan factors.
(2) The three assertions in Lemma 3.20 are equivalent. We fix such an m. Let (E, s) be a δ-semistable N-pairs. Then the vector bundle E can be realized as a quotient q : H 0 (E(m)) ⊗ O C (−m) ։ E and the section s induces a linear map
Let V be a fixed complex vector space of dimension dim(V ) = P (m) where P (m) := χ(E(m)) = d + mn + n(1 − g).
After fixing an isomorphism between H 0 (E(m)) and V , we have the following diagram.
Here K denotes the kernel of the evaluation map ev :
). be the Grothendieck's Quot scheme which parametrizes locally free quotients of V ⊗O C (−m) over C of rank n and degree d. Notice that the spaces P and Q are fine moduli spaces with universal families (16) H
Here O P (1) denotes the anti-tautological line bundle on P. By abuse of notation, we will still denote by O P (1) and E the pullbacks of the corresponding universal bundles to Q × P × C . We consider the locally closed subscheme
consisting of points ([q], [φ]) which satisfy the following properties:
• E is a locally free.
• The quotient q induces an isomorphism V → H 0 (E(m)). Let p ∈ I be a marked point. We denote by Fl mp the relative flag varitey of locally-free quotients of E p := E| Z×{p} of type m p = (m i,p ) (cf. [11, §2] ). Let π p : Fl mp → Z be the projection. There exists a universal filtration of π * p ( E p ) by coherence subsheaves π * p ( E p ) = F 1,p · · · F lp,p F lp+1,p = 0 such that the universal quotient bundles Q i,p := π * p ( E p )/F i+1,p are locally free of rank r i,p = i j=1 m j,p .
Let R be the fiber product
where p 1 , . . . , p k are the ordinary marked points. By abuse of notation, we still denote by Q i,p the pullback of Q i,p to R. A δ-semistable parabolic N-pair (E, s) can be represented by a point ([q] ,
There is a natural right SL(V )-action on Q × P given by Pick a sufficiently large integer t such that t > m and we have the following embedding
For such a t, there is a SL(V )-equivariant embedding
where χ t = χ(E(t)) and r i,p = i j=1 m j,p = dim E p /E i+1,p . For simplicity, we denote Gr(V ⊗ H 0 (O C (t − m)), χ t ) by G t and Gr(V, r j,p ) by G j,p for 1 ≤ j ≤ l p .
LetR be the closure of T (R) in G t × p∈I {G 1,p × · · · × G lp,p } × P. Let O Gt (1) and O G i,p (1) be the canonical ample generators of the Grassmannians. Let O P (1) be the anti-canonical line bundle on P. Notice that the ample line bundles O Gt (1), O G i,p (1) and O P (1) all have standard SL(V )-linearizations. For positive integers a 1 , a 2 and b j,p for p ∈ I, 1 ≤ j ≤ l p , we consider the SL(V )-linearized line bundle
We study the GIT stability condition of G t × p∈I {G 1,p × · · · × G lp,p } × P with respect to L. Let λ : C * → SL(V ) be a one parameter subgroup. For any closed point z ∈R, we denote by o z : SL(V ) × {z} →R the orbit map. The morphism o z • λ extends to a morphism g : A 1 →R. Notice that g(0) is a fixed point of the C * -action. Suppose any element x ∈ C * acts on the fiber L| g(0) by multiplying x w for some w ∈ Z. Then we define the Hilbert- 
. Consider the ascending filtration of E by
Note that E s = E. Let gr i = E i /E i−1 . Notice that the family of subsheaves E ′ ⊂ E of the form q(V ′ ⊗ O C (−m)) for some subspace V ′ ⊂ V is bounded. We can pick large enough t such that we also have (18) H 1 (E i (t)) = 0 and H 1 (gr i ) = 0, for 1 ≤ i ≤ s.
We consider the ascending filtrations of Q j,p by Q i j,p = q j,p (V i ), for 1 ≤ i ≤ s. Define Q 0 j,p = 0. Let r i j,p = dim Q i j,p . Note that r s j,p = r j,p . Suppose F is a coherent sheaf on C. Then its Hilbert polynomial is defined as the polynomial P F (t) := χ(F (t)) = r(F )t + d(F ) + r(F )(1 − g) in t. An explicit formula for µ L (z, λ) is given in the following lemma.
Proof. The Hilbert-Mumford weight satisfies that
Hence we can compute µ O G t (a 1 ) (z, λ), µ O G j,p (b j,p ) (z, λ), and µ O P (a 2 ) (z, λ) separately. First, we calculate the contribution from O P (a 1 ) to µ L (z, λ). Let {e i ν } ν be a basis of V i . Then we can write φ as
is the largest i such that φ ν i = 0 for some ν. Since an element in SL(V ) acts on V as its inverse, the contribution from O P (a 1 ) to µ L (z, λ) is
Second, we consider O Gt (a 2 ). According to [14, Lemma 4.4.3] , we have
The fiber of O Gt (1) at the limiting point is
H 0 (gr i (t)).
The weight of C * -action is
Finally, it follows easily from the computations of [24, Chapter 4 , §4] that the contribution
∈R be a point with the associated parabolic N-pair (E, s). For sufficiently large t such that (18) holds, then the following two conditions are equivalent.
(1) z is GIT-stable with respect to L.
(2) For any nontrivial proper subspace W ⊂ V , let F = q(W ⊗ O(−m)). Then
where r W j,p = dim q j,p (W ) and θ W (φ) = 1 if im φ ⊂ W and 0 otherwise. GIT-semistablity can be also characterized by replacing > by ≥ in equation (19) .
Proof. (1) ⇒ (2): Suppose z is GIT-stable with respect to L. Let h = dim W . We consider the one parameter subgroup give by
where λ(x) acts on W by multiplying x h−P (m) and its compliment by multiplying x h . If im φ ⊂ W , then by the Hilbert-Mumford criterion and Lemma 3.21, we have
Since dim V = P (m), the above inequality is equivalent to
which is equivalent to
(2) ⇒ (1): It follows from inequality (19) that
Here we use the fact that
Therefore z is GIT-stable.
is injective and for any torsion subsheaf F ⊂ E, we have H 0 (F (m)) = 0.
Proof. Let W be the kernel of H 0 (q(m)) : V → H 0 (E(m)). Then G = q(W ⊗ O(−m)) = 0. Inequality (19) implies that W = 0. Let F be a torsion subsheaf of E and let W ′ = H 0 (F (m)). Then again by inequality (19) , we have W ′ = 0.
To relate GIT-(semi)stability with δ-(semi)stability, we make the following choice:
and b j,p = (a j+1,p − a j,p )n(t − m) for 1 ≤ j ≤ l p . Here we define a l p+1 ,p = l. Let
be the polarization. 
where T (E) is the torsion subsheaf of E and G is a vector bundle such that P E = P G . It is clear that G is a parabolic vector bundle whose parabolic structure is given by {f p }. By Corollary 3.23, we have an injection H 0 (E(m)) ֒→ H 0 (G(m)). Let π : G ։ G ′′ be a quotient bundle. Denote by K the kernel of π • s. We have a short exact sequence
). It is easy to see that F is a subsheaf of K. Thus, we have r(F ) ≤ r(K) = r(E) − r(G ′′ ). By comparing the coefficients of t on both sides of inequality (19) , we have
Let a ′′ = (a ′′ p ) p∈I and a ′ = (a ′ p ) p∈I be the induced parabolic weights of G ′′ and the kernel of the map G → G ′′ , respectively. It is not difficult to show that the following hold: 1≤j≤lp (a j+1,p − a j,p )r j,p = nl − |a p |, and 1≤j≤lp (a j+1,p − a j,p )r W j,p ≤ l(n − r(G ′′ )) − |a ′ p |.
Then it follows from inequality (21) that
Notice that |a| = |a ′ | + |a ′′ |. Then we can rewrite inequality (22) as
Note that if θ(s ′′ ) = π • α • s = 0, then im φ ⊂ W and hence 1 − θ W (φ) = 0. Therefore θ(s ′′ ) ≥ 1 − θ W (φ). Combining (23) and (20), we have
According to Lemma 3.20, the pair (G, α • s) is semistable. Therefore h 0 (G(m)) = P (m) and we have an isomorphism H 0 (E(m)) ∼ − → H 0 (G(m)). It follows from the commutativity of the following diagram. 
By an elementary calculation, one can show that the right hand side of inequality (19) is equal to P E ′ (t). It contradicts with the fact that z 
The above inequality is equivalent to
Notice that dim W ≤ h 0 (F (m)), which follows from the following commutative diagram.
By combining inequality (24) and dim W ≤ h 0 (F (m)), we obtain
It implies that the leading coefficient of P F (t) is great than the leading coefficient of the polynomial on the right hand side of (19) . Therefore, ([q] ,
Assume (E, s) is strictly δ-semistable. We need to show that the corresponding point
is GIT-semistable. Choose any nontrivial subspace W V . Let F = q(W ⊗ O(−m)) and let (F, s ′ ) be the corresponding sub-pair. As in the previous case, if (F, s ′ ) = (E, s) or (F, s ′ ) is not a destabilizing sub-pair, we are done. Therefore, we assume (F, s ′ ) is a destabilizing sub-pair such that
The coefficients of t on both sides of inequality (19) are equal. Notice that 1≤j≤lp (a j+1,p − a j,p )r W j,p ≤ r(F )l − |a ′ p |.
A tedious but elementary computation shows that the constant terms of the left hand side of (19) is greater than or equal to the constant term on the right hand side. This concludes the proof. We leave the details to the reader.
Recall that a value of δ ∈ Q + is called critical, or a wall if there are strictly δ-semistable N-pairs. (Gr(n, N) , d, a) × C can be constructed using GIT. To be more precise, we have a morphism
overR × C, induced by the universal families (16) and (17) . By the definition ofR, the morphism above induces N sections 
which contradicts with the δ-semistability of (E, s). We conclude the proof by showing that if s : O N C → E generically generates the fiber of E, then (E, s) is δ-stable. Let E ′ be a proper subbundle (equivalently, a saturated subsheaf) of E. Then s / ∈ H 0 (E ′ ⊗ O N C ) because s generically generates the fiber of E. Hence, µ par (E ′ , s ′ ) = µ par (E ′ ). We only need to show that d par (E ′ ) ≤ d par (E). If this holds, we have
and it implies that (E, s) is δ-stable. To prove d par (E ′ ) ≤ d par (E), we consider the underlying parabolic bundle (E, {f p }) of the parabolic N-pair. Suppose the Harder-Narasimhan filtration of (E, {f p }) with respect to the parabolic slope of parabolic bundles is given by
is the maximal destabilizing parabolic subbundle of (E, {f p }). For all subbundle E ′ ⊂ E, one has µ par (E ′ ) ≤ µ par (E 1 ). Hence we only need to show that d par (E 1 ) ≤ d par (E). Consider the exact sequence
Since N sections generically generate the fiber of E, the bundle E/E k−1 has non-trivial sections. Thus d par (E/E k−1 ) ≥ d par (E/E k−1 ) ≥ 0. By the properties of the Harder-Narasimhan filtration, we obtain µ par (E i /E i−1 ) > µ par (E/E k−1 ) ≥ 0 for i < k. By induction, we assume that d par (E/E i ) ≥ 0 for i < m. Then from the exact sequence
Let M Q (d, n, N) be the Grothendieck's Quot scheme which parametrizes quotients O N C → Q → 0, where Q is a coherent sheaf on C of rank n and degree d. Let 0 → F → O N → Q → 0 be the tautological exact sequence of universal bundles over M Q (d, n, N) × C. We denote by E = F ∨ . Let I = {p 1 , . . . , p k } be the set of marked points and let Fl mp (E p i ) be the relative flag variety of type m p i , where E p i = E| M Q (d,n,N )×{p i } . We define
By Lemma 3.28, the moduli space of δ-stable parabolic N-pairs is isomorphic to Fl Quot when δ > (n − 1)d par .
3.4. Genus zero case. When C ∼ = P 1 , the moduli space of parabolic vector bundles Bun par C (d, n, a) may be empty (cf. [4, §5] ). Therefore, for some choices of parabolic types (a, m) and stability parameter δ sufficiently close to zero, the moduli space M par,δ C (Gr(n, N), d, a) is empty. In the following discussion, we only consider parabolic types (a, m) such that M par,δ C (Gr(n, N), d, a) is nonempty for all generic δ.
3.5. Perfect obstruction theory. In this section, we show that for a generic value of δ, the moduli space M par,δ C (Gr(n, N), d, a) of δ-stable parabolic N-pairs has a canonical perfect obstruction. We construct a virtual structure sheaf on the moduli space and discuss its basic properties.
The following proposition follows from [29, Lemma 1.10].
Proposition 3.29. The morphism q locally factorizes as the composition of a closed embedding followed by a smooth morphism.
Let We have a distinguished triangle of cotangent complexes
. By Proposition 3.30, we have a canonical morphism g : E • → L q which induces the relative perfect obstruction theory for q. We define F • to be the shifted mapping cone C(f )[−1] of the composite morphism:
f :
By the axioms of triangulated categories, we have a morphism F • → L M par,δ C (Gr(n,N ),d,a) . It is straightforward to check that this induces a perfect obstruction theory on M par,δ C (Gr(n, N), d, a).
Remark 3.32. The moduli space B = Bun par C (d, n, a) is a fiber product of flag bundles over the moduli stack of vector bundles Bun par C (d, n, a). In particular, Bun par C (d, n, a) is smooth and the cotangent complex L B is isomorphic to a two-term complex concentrated at [0,1]. Let T B be the tangent complex, dual to Ω B . By the definition of F • , we have a distinguished triangle
. By taking its dual, we have 
It induces a long exact sequence of cohomology sheaves
be the hypercohomology groups, for i = 0, 1. We have the following long exact sequence of hypercohomology groups (26) 0
Comparing with (25) , we can identify the stalks H i (F • ) ∨ | s with the hypercohomology groups H i , for i = 0, 1. Proof. If µ par (E, s) > 2g − 1 + |I| + δ, then by Lemma 3.11, we have H 1 (E) = 0. It follows from the long exact sequence (26) that the obstruction space H 1 vanishes. Therefore, the moduli space is smooth.
Suppose M is a Deligne-Mumford stack. We denote by K 0 (M) the Grothendieck group of coherent sheaves on M. (Gr(n, N), d, a) ).
Proof. The corollary follows from Proposition 3.31 and the construction in [19, §2.3] . We describe an equivalent construction here. By Proposition 3.31 and Definition 2.2 in [26] , one can define a virtual pullback: The following lemma shows that there are natural embeddings between moduli spaces of stable parabolic N-pairs of different degrees. Proof. The lemma follows easily from the the fact that for any vector bundle F , we have 
where E x i := E| M par,δ C (Gr(n,N ),d+nd D ,a)×{x i } denotes the restriction of the universal bundle E to the point x i . 
The morphism t is defined by mapping a parabolic bundle E to E(D). Notice that it induces an isomorphism between Bun par C (d, n, a) and Bun par C (d + nd D , n, a). Therefore, we can identify these two moduli stacks of parabolic vector bundles by t and use B to denote both of them. Consider the morphisms
be the projection maps. By abuse of notation, we denote by ι D the embedding of C × M d+nd D into C × M d . By Proposition 3.30, we have two relative perfect obstruction theories
Here ω is the pullback of the dualizing sheaf of C to the universal curve via the projection map. Consider the following short exact sequence
By Grothendieck duality and cohomology and base change, we have Rπ ′ * (ι * D E N )
By the axioms of triangulated categories, we obtain a morphism (E N D ) ∨ [1] → L ι D , and the following morphism of distinguished triangles. 
be the zero section embedding. Consider the following Cartesian diagram.
Using the fact that virtual pullbacks commute with push-forward, we obtain
Note that S D * = 0 E D * , since the two sections are homotopic. The proposition follows from the excess intersection formula in K-theory (c.f. [9, Chapter VI]).
δ = 0 + chamber and Verlinde invariants
When δ is sufficiently close to 0, the stability condition stabilizes. We refer to it as the δ = 0 + chamber. The theory of the GLSM at δ = 0 + chamber is related to the theory of semistable bundles in an explicit way. We describe this connection in this section.
We first consider the case without parabolic structures. We assume the genus of C is greater than 1, i.e., g > 1. Let δ + be the smallest critical value. For δ ∈ (0, δ + ), we denote the moduli space of δ-stable parabolic N-pairs by M par,0+ C (Gr(n, N), d, a) . It is not difficult to check for 0 < δ < δ + ,
• If (E, s) is a δ-stable pair then E is a semistable bundle.
• Conversely, if E is stable, then (E, s) is δ-stable for any choice of nonzero s ∈ H 0 (E ⊗ O N C ). Let U C (n, d) be the moduli space of S-equivalence classes of semistable vector bundles of rank n and degree d (cf. [18] ). From the analysis above, we have a forgetful morphism q : M (Gr(n, N) , d) is proper and U C (n, d) is irreducible. Hence we have shown that q is surjective if d > n(g − 1).
In the case (n, d) = 1, there are no strictly semistable vector bundles and the moduli space U(n, d) is smooth. Moreover, there exists a universal vector bundleẼ → U(n, d) × C such that for any closed point [E] ∈ U(n, d), the restrictionẼ| C×[E] is a stable bundle of degree d, isomorphic to E. Note that the universalẼ is not unique since we can obtain other universal vector bundles by tensoringẼ with the pullback of any line bundle on U(n, d). Let ρ : U(n, d) × C → U(n, d) be the projection map. Using the same arguments as in the proof of Lemma 2.5, one can show that R 1 ρ * Ẽ = 0 if d > 2n(g − 1). In this case, ρ * Ẽ is a vector bundle over U(n, d). Let P((ρ * Ẽ ) ⊕N ) be the projectivization of (ρ * Ẽ ) ⊕N . Recall that I = {p 1 , . . . , p k } is the set of marked points. Let λ = (λ p 1 , . . . , λ p k ), where λ p i = (λ 1,p i , . . . , λ n,p i ) is a partition in P l , for 1 ≤ i ≤ k. For each partition λ p , p ∈ I, let m p = (m 1,p , . . . , m lp,p ) be the sequence of jumping indices of λ p (i.e. l ≥ λ 1,p = · · · = λ m 1,p ,p > λ m 1,p +1,p = · · · = λ m 2,p ,p > . . . ). We define the parabolic weights a p = (a 1,p , . . . , a lp,p ) by letting a j,p = l − λ m j,p ,p for 1 ≤ j ≤ l p . Notice that {a j,p } j consists of distinct terms in the conjugate partition λ * p . Let a = (a p ) p∈I and m = (m p ) p∈I be the parabolic type determined by λ. In the following discussion, we will denote the parabolic type by λ.
Let U(n, d, λ) denote the moduli space of S-equivalence classes of semistable parabolic vector bundles of rank n, degree d and parabolic type λ. We recall the construction of U(n, d, λ) and we will use the same notations as in §3. The family of semistable parabolic vector bundles is bounded. Therefore there exists a sufficiently large m ∈ N such that for any semistable parabolic bundle (E, {f p }), it can be realized as a quotient q :
) which consists of points [q] such that the quotient sheaf E is locally free and q induces an isomorphism V ∼ − → H 0 (E(m)). For each marked point p ∈ I, we consider the restriction of the universal quotient sheaf E p := E| Z×{p} . Let Fl mp denote the flag bundle of E p of type m p = (m i,p ). Define T to be the fiber product
Given a parabolic type λ, one can choose a SL(V )-linearized ample line bundle L ′ such that the moduli space of semistable parabolic vector bundles of type λ is the GIT quotient
where T ss denotes the open semistable locus in T .
We assume that ld − |λ| ≡ 0 mod n.
Recall that d i,p = a i+1,p − a i,p for 1 ≤ i ≤ l p . Let Q i,p is the universal quotient bundle of rank r i,p = i j=1 m j,p over Fl m i . Set
Let π : T × C → T be the projection to the first factor. Let x 0 ∈ C be the distinguished marked point which is away from I. Following [25] , we consider the following line bundle over T :
whereL mp is the Borel-Weil-Bott line bundle defined bỹ
The calculation in the proof of [25, Théorème 3.3] shows that Θ E descends to a line bundle Θ λ → U(n, d, λ). Global sections of Θ λ are called generalized theta functions. The space of global sections H 0 (Θ λ ) is isomorphic to the dual of the space of conformal blocks (cf. [1] and [25] ). The GL Verlinde numbers are defined to be Euler characteristics of the type χ(U(n, d, λ), Θ λ ) (see [23] ).
The following lemma shows that we can define similar theta line bundles on the moduli spaces of parabolic N-pairs. (Gr(n, N) , d, λ) → U(n, d, λ) be the forgetful morphism. Then we have the following identification
where L λp are the Borel-Weil-Bott line bundles defined by
Proof. By definition, Θ λ is the descent of Θ E = (det Rπ * ( E)) l ⊗ p∈IL mp ⊗ (det E x 0 ) e . Let q : R → T be the flag bundle map, which is in particular flat. Then we havẽ
Parabolic N-pairs can be viewed as parabolic GLSM data. We give the following definition of parabolic GLSM invariants. In the δ = 0+ chamber, to relate the parabolic GLSM invariants with GL Verlinde numbers, we recall the following non-equivariant version of a result from [5] . where |I| is the number of marked points. This condition is automatically satisfied when g ≥ 2. When g = 1, we require |I| to be non-empty. Therefore, inequality (28) is a primarily a condition for the genus 0 case.
In the rest of the section, we study the relation of K-theoretic invariants with respect to the embedding (27) . 
Proof. Using the same argument as in the proof of [32, Theorem 3.1], one can show that (det E x 0 ) kl ⊗ (det E D ) −l and the trivial sheaf O are algebraically equivalent. The corollary follows from Proposition 3.36 and Lemma 4.8.
Parabolic δ-wall-crossing in the rank two case
In this section, we generalize Theorem 2.12 to the parabolic setting. The proof is very similar to the one given in Section 2.2.
We fix the degree d and the parabolic type a. For a critical value δ c , the underlying vector bundle of a strictly δ c -semistable parabolic N-pair (E, s) must split: E = L ⊕ M where L, M are line bundles of degrees d ′ and d ′′ , respectively, and s ∈ H 0 (L ⊗ O N C ). Let a ′ and a ′′ be the induced parabolic structures on L and M, respectively. Then the following equalities hold:
Since L has non-zero sections, we have d ′ > 0. The equality (29) implies that
where k = |I| is the number of marked points. Let ν > 0 be a small real number such that δ c is the only critical value in (δ c − ν, δ c + ν). For simplicity, we denote by M + δc (resp., M − δc ) the moduli space M Let (E, s) be an N-pair in W − δc . It follows from the definition that there exists a short exact sequence 0 → L → E → M → 0, satisfying the following properties:
(1) L, M are line bundles of degree d ′ and d ′′ , respectively, such that d ′ + d ′′ = d.
(2) s ∈ H 0 (L ⊗ O N C ). Let f be the composition g • i. Denote by F d ′ ,a ′ the cokernel of f . Let π : Z d ′ × C → Z d ′ be the projection. By abuse of notation, we use the same notations M d ′′ ,a ′′ and L d ′ ,a ′ to denote the pullback of the corresponding universal line bundles to Z d ′ × C. We define w = min |a| 2l − |a ′ | l (E ′ , s ′ ) ⊂ (E, s) .
Notice that w ≥ −k. The flip loci W ± δc are characterized by the following proposition. Proposition 5.1. Assume (d − δ)/2 + w > 2g − 1 for δ ∈ (δ c − ν, δ c + ν). Let V + d ′ ,a ′ = R 0 π * (F d ′ ,a ′ ) and V − d ′ ,a ′ = R 1 π * (Par Hom(M d ′′ ,a ′′ , L d ′ ,a ′ )). Then the flip loci W − δc is a disjoint union ⊔ W − d ′ ,a ′ , where (d ′ , a ′ ) satisfies (29) and
Similarly, the flip loci W + δc is a disjoint union ⊔ W + d ′ ,a ′ , where W + d ′ ,a ′ is isomorphic to W + d ′ ,a ′ ∼ = P V + d ′ ,a ′ . Let q ± : W ± d ′ ,a ′ → Z d ′ be the projective bundle maps. Then the maps W ± d ′ ,a ′ → M ± δc are regular embeddings with normal bundles q * ± V ∓ d ′ ,a ′ (−1). Moreover we have the following two short exact sequences of universal bundles
Here the morphism is defined by sending the n sections of L to n sections of E. Then (34) follows from the hypercohomology long exact sequence of the following short exact sequence of complexes.
0
Par Hom(L d ′ ,a ′ ,
Theorem 5.2. Suppose that N ≥ 2 + l, d > 2g − 2 + k and δ is generic. Then det(E) e |V λp 1 , . . . , V λp k l,δ,Gr(2,N ) C,d
